We discuss how reparameterization invariance connects a rotationally-invariant heavy particle effective theory with a single fermion to a Lorentz-invariant theory. Using Hilbert-series methods, a Lorentz-invariant operator basis is tabulated, up to and including operators of order 1/M 4 , when the fermion couples to an external U (1) or SU (3) gauge interaction.
I. INTRODUCTION
The fundamental interactions between gauge field and an elementary fermion q with mass M is governed by the Lagrangian:
where D is the covariant derivative, D µ ≡ ∂ µ + igZA µ a T a , g is the gauge coupling, gZ is the tree level charge of the fermion, the A µ a 's are the gauge fields, and the T a 's are the generators of the gauge group.
For other fermionic degrees of freedom Q, such as protons, neutrons, or the b quark within a B meson, etc., in general the Lagrangian contains all higher-order, non-renormalizable, operators that are invariants of the Poincaré group and the gauge group: We focus on a subset of the full Hilbert space of the theory described by the Lagrangian in Eq. (2) that contains only the operators that are bilinear in the fermion, i.e., theories that only contain one fermion:
When the fermion is heavy, one can integrate out the anti-particle component of the relativistic spinor, which generates an infinite number of effective operators, in addition to those already included in Eq. (3).
Doing so will give rise to non-trivial relationships between the Wilson coefficients in the heavy particle effective theory, due to the underlying Lorentz symmetry of the original theory with particles and antiparticles. We coin this the "top down," perspective. Specifically, we consider the cases when this fermion is charged under U (1) electromagnetism or SU (3) color, effective theories called NRQED and HQET, respectively.
There is a second, "bottom up," perspective for these heavy particle effective field theories. Here, one constructs a theory invariant under only translations and rotations. The operators that span such a theory are the same as the operators in the heavy particle effective theory after the anti-particles have been integrated out, since integrating out the anti-particles breaks the Lorentz group down to its rotational subgroup: SO(3, 1) → SO(3). In Ref.
[1], we enumerated an operator basis, invariant under translations, rotations, and the underlying gauge symmetry, for operators bilinear in the fermion, using Hilbert series methods. 1 Such an operator basis can provide the operators for an heavy particle effective field theory, but it does not supply the non-trivial relationships between the Wilson coefficients due to Lorentz symmetry. Such relationships can be recovered by requiring invariance under an additional transformation, called reparameterization [3] .
We review and generalize both the "top down" (Section II) and "bottom up" (Section III) approaches to heavy particle effective field theory, the latter of which has been the source for some confusion in the literature. The main purpose of this paper is to provide a reparameterization-invariant operator basis, free of redundancies from integration by parts or equations of motion, for theories with a single fermion, charged under an external U (1) or SU (3) gauge field (Section IV). We illustrate that operators that span a reparameterization-invariant theory can be mapped to those that are manifestly Lorentz-invariant.
II. OVERVIEW OF "TOP DOWN" APPROACH
Here, we recapitulate many of the arguments presented in Ref. [4] , using similar notation. We consider the Lorentz invariant field theory as described by Eq. (3) . If the mass M of the particle is heavy compared to all other scales in the system, then its antiparticle can be integrated out, and this induces a set of non-renormalizable effective operators. To do so, one can factor out the rapidly-oscillating phase of the field, Q (x) ≡ e iM v·x Q(x), where v µ ≡ (γ, γv) is the velocity 4-vector, and γ ≡ 1/ √ 1 − v 2 , such that v 2 = 1, and the time-ordered two-point correlation function for Q is:
Here, (1 + / v)/2 is a projection operator, since v 2 = 1. In the rest frame, it projects onto the particle component of the field Q. Likewise, (1 − / v)/2 is also projection operator, and in the rest frame, it projects onto the anti-particle component of the field Q. So, the Dirac spinor Q can be decomposed into two components using these projection operators:
for a general velocity. 2 The Lagrangian in Eq. (3) can be rewritten now in terms of Q v and Q v , where now we will let Λ → M , as is conventional in heavy particle effective theory:
2 The right-hand side of Eq. (6) does not depend on v µ . Therefore, a sum over all v µ is the most general expression:
However, when inserting this definition back into Eq. (3), the Lagrangian will have an overall phase of e ±iM (v−v )·x . In the M → ∞ limit, one can consider that only the sector of the Hilbert space that is not rapidly oscillating in x is the one where v = v , leaving only the sector where all heavy fields have the same velocity [5] . We thank E. Mereghetti for pointing this out.
For convenience, one can replace operators of the form
This is the same Lagrangian as Eq. (3). Some terms have not been included in Eq. (8), because they contribute at order 1/M 3 or higher, and our present discussion will be to order 1/M 2 , for the sake of brevity.
If all operators are bilinear in the heavy fields, the heavy antiparticle Q v can be integrated out by performing the Gaussian integral over Q v in the action. This is equivalent to solving for the equation of motion for Q v :
and inserting this back into Eq. (8), noting that
, and expanding to order 1/M 2 (after a considerable amount of algebra):
The non-trivial relationships between the Wilson coefficients of operators at different orders in 1/M are due to the underlying theory being Lorentz invariant. Note that the second operator in Eq. (10) is not of the form Q v D 2 ⊥ Q, since we have summed an infinite series of operators to achieve this form. We discuss this point further in Section III. It is interesting to note that the operator ∝ Zgσ αβ G αβ does not depend on a Wilson coefficient and is due to Thomas precession, i.e., it is purely kinematic effect due to the Lorentz group. This particular form matches onto the Bargmann-Telegdi-Michel equation for the semi-classical motion of a spin-1/2 particle in an external electromagnetic field in the lab frame, which would not have been apparent if one ignored the effective operators in Eq. (3).
Eq. (10) is the desired form of the heavy particle effective Lagrangian, subject to external gauge fields.
The procedure to achieve this form is coined the "top-down" approach, and to provide a starting point for this method, we enumerate all Lorentz-invariant operators that span an operator basis in Table II for an external U (1) gauge field, and in Table III for an external SU (3) gauge field, up to and including 1/M 4 operators.
III. REPARAMETERIZATION INVARIANCE
A second method by which to derive the non-trivial relationships between Wilson coefficients in heavy particle effective theory is one that begins with a theory invariant under rotations and translations, embeds the rotationally-invariant objects within irreducible representations of the Lorentz group (such that it reduces to the rotationally-invariant theory in the rest frame), and requires invariance under reparameterization. We call this the "bottom-up" approach, since it does not explicitly use the concept of a Lorentz boost. These steps yield a Lagrangian of the same form as Eq. (10), which we will demonstrate up to and including order 1/M 2 . There are other methods by which one can derive the non-trivial relationships between Wilson coefficients (for example, see Refs. [6] [7] [8] [9] ), which utilize explicit representations of the Lorentz algebra and explicit form of the commutators. The method we discuss this this section, based in reparameterization, is a generalization of the one outlined in Refs. [3, 4] . Reparameterization invariance in heavy particle effective field theories is a consequence of Lorentz invariance, since derivatives in the relativistic theory are split into two operators in the heavy theory. To illustrate this, consider the theory of a free, relativistic, fermion:
Inserting Eq. (6) to rewrite it in terms of Q v and Q v , and integrating out the antiparticle, one obtains:
Expanding in powers of 1/M :
If one inserts the equation of motion for Q v back into the effective operators in the above Lagrangian, it eliminates all v dependence, and the power series in 1/M truncates, resulting in the simple expression:
This is the same Lagrangian as Eq. (11), after the antiparticles have been integrated out. 3 The relative coefficient between the two operators in Eq. (14) is fixed by the underlying relativistic theory. The energy-momentum dispersion relation provided by Eq. (14) is
is the Lorentz factor, and k is often called the residual momentum. This is the relativistic dispersion relation, provided that one identifies the full momentum as
and that the energy of the heavy particle has the relativistic mass subtracted. These relationships are often used as the starting point for heavy particle effective field theory.
Reparameterization invariance is defined as a transformation of the degrees of freedom in Eq. (14) such that it remains invariant. This is tantamount to requiring that the relativistic dispersion relation remains intact. Since the Lagrangians in Eqs. (11) and (14) are the same Lagrangian, and since the free Dirac theory in Eq. (11) does not depend on the velocity, therefore neither does the heavy effective theory in Eq. (14), so a shift in the definition of v µ in the effective theory must amount to nothing. A sufficient choice for the definition of reparameterization would be to shift the velocity vector
.
n ∈ Z where n > 0, it is necessary to impose constraints on ε to ensure this. This can be obtained by requiring that v · ε = 0 and terms of order O(ε 2 ) are negligible. Using the definition in Eq. (6), one can determine the change in the heavy field, under the shift
This expression is exact. 4 Similarly, we have
3 The passage from Eq. (13) to Eq. (14) requires the following to be true:
This equation can be rewritten as:
and the two sides of the equation are in fact equal, due to the equation of motion for Qv. 4 We compare Eq. (17) to the one used in Ref. [4] :
which differs from Eq. (17) beginning at order O(1/M 2 ).
and we also note that
In the free theory being considered, the Eq. (17) takes the following form after integrating out the antiparticle:
After expanding in 1/M , and using the equation of motion for the heavy field, one can show:
The Lagrangian in Eq. (14) is invariant under reparameterization, as expected.
Reparameterization invariance supplies a necessary requirement to pass from a rotationally-invariant theory to one that is Lorentz invariant. Using again the free theory to illustrate this, the most general operator basis for a theory with a free fermion, assuming only rotational and translational invariance is
where the c's are arbitrary coefficients. The fermion and derivatives can be embedded within irreducible representations of the Lorentz group:
where
, such that when v µ = (1, 0, 0, 0), this reduces to the form of the Lagrangian in Eq. (23) . Requiring that the Lagrangian in Eq. (24) is invariant under reparameterization yields:
When inserting the equation of motion of Q v back into Eq. (25) to eliminate all the velocity dependence among the effective operators, the result is the same Lagrangian as Eq. (14).
The arguments supporting the existence of reparameterization invariance for a free theory must also carry over to the interacting theory. A rotationally-and translationally-invariant theory of a two-
Here, ψ is a two-component Pauli spinor, and we have used the convention for the Wilson coefficients in Ref. [7] . Derivatives acting within square brackets only within those brackets. The rotationallyinvariant operator basis up to and including order 1/M 4 operators, invariant under parity, is presented in Refs. [1, 10] . This theory can be expressed in an arbitrary frame as:
Eq. (27) 
This is identical to the definition of reparameterization of the heavy field in the free theory, under the replacement ∂ → D. If one wishes to continue imposing reparameterization invariance to high orders in 1/M , one can begin with the relativistic theory, find the equation of motion for the antiparticle, and insert that relationship into Eq. (17).
To continue with our illustration, we choose to work to order 1/M 2 , so Eq. (28) will serve as the definition of the transformation of the heavy field under reparameterization. Requiring reparameterization invariance of the Lagrangian yields the following form:
which is the same as Eq. (10), after identifying that a F = −c F + Z and a D = −c D . These are the same results found in Refs. [7, 9] . The relationships from reparameterization invariance (or, rather, Lorentz invariance) between the Wilson coefficients up to and including 1/M 3 for HQET and NRQED can be founds in Refs. [7] and [9] , respectively, and some of the relationships for NRQED at 1/M 4 can be found in [11] . These results utilized different methods than the ones discussed here.
IV. OPERATOR BASIS FOR REPARAMETERIZATION-INVARIANT NRQED AND HQET
A method to ensure a reparameterization-invariant operator basis is to construct the effective Lagrangian out of bilinear operators
where Ψ v and O k themselves transform covariantly under reparameterization. This method is discussed in Refs. [3, 7, 9, 11] . We present here a general version of this method, using the definitions provided in Section I. Specifically, the heavy field Ψ v is defined as
which, using Eq. (20), transforms under reparameterization as:
The operator O k is constructed out of Dirac matrices, field strength tensors (both of which are invariant under reparameterization), and covariant derivatives, D µ defined as:
where D µ is the gauge covariant derivative, such that iD µ Ψ v transforms covariantly under reparameterization:
The operator O k cannot be constructed out of v µ , since it does not transform linearly under reparameterization, by construction. Therefore, any bilinear operator in Eq. (30) will be invariant under reparameterization.
One may proceed in this manner, defining an operator basis for the theory defined in Eq. (30), free from redundancies associated with integration by parts and equations of motion when calculating S-matrix elements [12, 13] . Before doing so, it is interesting to remember the definition in Eq. (6):
where, again, Q is the Dirac spinor. So, bilinear operators built out of objects that transform covariantly under reparameterization can be written solely in terms of objects in the Lorentz-invariant theory. For example:
Any reparameterization-invariant operator in Eq. (30) can be rewritten as a Lorentz-invariant one by
We continue by defining the operator basis for an explicitly Lorentz-invariant theory, since the nomenclature is more conventional. To aid in the construction of an operator basis, we use Hilbert-series methods, as laid out in Refs. [14] [15] [16] [17] [18] [19] [20] [21] . To begin by defining the objects out of which we will construct singlets of the Lorentz group and the gauge group. When in three spatial dimensions, is most natural to use the local isomorphism SO(3, 1) SU (2) L × SU (2) R , due to the simplicity of the SU (2) algebra. See Table I for the irreducible representations of the Lorentz and gauge group, i.e., U (1) and SU (3), for the objects out of which the effective Lagrangian is built. Exploring first the case of an external U (1) gauge, we define Hilbert series as
[dz]
where ψ stands for ψ, ψ † , ψ c or ψ c † , and F stands for F L or F R . The characters χ for the Weyl fermions contain a subtraction due to the choice of basis that operators of the form / DQ are ignored, since they can be related to other operators in the basis via the equations of motion for Q:
In a full quantum field theory, D α F αβ can be related to other operators in the Hilbert space via the equations of motion for F αβ . However, since we are working only in the single-particle sector, it is possible that the fermions in our sector can respond to external gauge fields, so in our case D α F αβ cannot be ignored, in general. All the while, we must maintain the Bianchi identity,
Because F L = F + i F and F R = F − i F , we choose to subtract operators with DF R , but not those with DF L , so therefore the characters for the gauge field with these relations are:
After Taylor expanding the integrand in Eq. (37) to second order in the fermions, and performing the integrals over the unit circles, the Hilbert series at each mass dimension is:
At this level, the Hilbert series does not say how to contract indices, and it includes all operators of any charge under the parity (P ) and time reversal (T ). Using the Hilbert series output as a guide, we explicitly construct the operators, contracting Lorentz indices by hand, and categorize them by their charge under P and T , as done in Table II . The operator basis for an external electromagnetic interaction, for example, would be spanned by only operators even under both P and T . Because we are only considering the bilinear sector, one can choose to construct the operator basis where derivatives only act on the gauge fields.
Here, we pause for a brief aside to illustrate how we go from the Hilbert series output to operators that are listed Tables II and III . For example, we can consider Hilbert series output for d = 5:
Since the fundamental objects are two-component spinors, one can construct two Hermitian operators, invariant under CP T , by contracting the spinor indices:
These operators can be recast using the familiar vector indices:
where Ψ is related to ψ α and (ψ c † )α in Weyl basis:
With this output as an aid, we contract Lorentz indices by hand, and categorize all operators by their charge under P and T , as shown in Table III . The operator basis when the gauge theory is SU (3) color is even under P and T .
Order P even, T even P even, T odd P odd, T even P odd, T odd 
V. DISCUSSION AND SUMMARY
The work is the culminating step in our program for constructing invariant operator basis in heavy particle effective theories. In Ref.
[1], we developed and employed a Hilbert-series method to construct and enumerate an operator basis in a rotationally-invariant theory of a single fermion in an external gauge field. In Ref. [2] we showed that the operator basis in Ref. [1] is spanned by scalar primaries of the non-relativistic conformal group. This present article provides a discussion and generalization of a particular point of view that makes the connection between a rotationally-invariant theory and one that is Lorentz invariant. An important link between these two theories is requiring reparameterization invariance, which relates operators appearing in different orders in 1/M .
Reparameterization invariance is a necessary consequence of Lorentz symmetry in effective theories with a single heavy degree of freedom, where the anti-particles have been integrated out [4, [7] [8] [9] . While Lorentz symmetry necessarily requires the existence of anti-particles, it may be surprising on a face value that requiring invariance under reparameterization yields the same constraints as Lorentz symmetry, since the original effective field theory is formulated only with reference to particle degrees of freedom.
It is clear, however, from Eq. (17) , that the reparameterization transformation picks up components from the anti-particle degrees of freedom, in such a way that respects Lorentz symmetry. In this sense, the reparameterized shift in the velocity, i.e., v µ → v µ + ε µ /M , where v · = 0, could be interpreted as a infinitesimal, norm-preserving, Lorentz boost in an arbitrary frame. However, nowhere does one necessarily require invoking the algebraic concept of a Lorentz boost in order to derive the constraints from reparameterization invariance (for other examples, see Refs. [6] [7] [8] [9] ).
We review the unambiguous "top-down" approach, which begins with a Lorentz-invariant theory, and explicitly integrates out the anti-particles, as discussed in Section II. A second "bottom-up" approach, as discussed in Section III, begins with a translationally-and rotationally-invariant theory, and requires reparameterization invariance. This second method has been the cause of some debate in the literature.
We present a general treatment of this method, extending the work in Ref. [4] , which includes an exact expression for the reparameterized heavy field in Eq. (17) . We show that both the "top-down" and "bottom-up" methods produce the same theory up to and including order 1/M 2 . These methods can be used to determine the heavy-particle Lagrangian to higher orders in 1/M , though with significant increase in algebraic complexity, the results of which are discussed in Refs. [7, 9, 11] .
The exact expression for the reparameterized heavy field in Eq. (17) involves of both the particle and anti-particle, which upon integrating out the anti-particles, and expanding to fixed order in 1/M , becomes the one generally used in the literature, e.g., Ref. [4] . The novelty associated with this is that we are able to establish an one-to-one correspondence between a theory that is explicitly invariant under reparameterization and a theory that is Lorentz invariant, as discussed in Section IV.
Because of this one-to-one correspondence between operators that are invariant under reparameterization and ones that are Lorentz invariant, we tabulate an operator basis, using the Lorentz-invariant notation. We use Hilbert series methods, with a similar setup as in Refs. [19] [20] [21] , but with the modification that one of the gauge fields is in a long representation of the conformal group, since we are restricted to the Hilbert space with only one matter degree of freedom. While the Hilbert series provides the number of invariant operators given the field content, we contract indices by hand, and categorize the Hermitian operators by their charges under the discreet transformations of parity and time reversal, as tabulated in Table II for NRQED and Table III for HQET. It is interesting to note that this relativistic theory spanned by bilinear operators in a fermion, subject to external gauge fields is also the starting point for SCET [22] [23] [24] .
